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SUMMARY.

Consideration is given to the problems of a satellite rocket which involve the
motion of high speed gases. These include the flow over the external surface of the
rocket (drag), the flow through the rocket motor, and heat transferred to the skin of
the rocket by forced convection. The skin temperatures of the satei{lite during its
orbital motion, which depend entirely upon thermal radiation processes, are also
evaluated, The discussions, although kept as general as possible, revolve around a
three stage rocket employing hydrazine-liquid oxygen propellants and designed to
place a 500 pound instrumentation payload on a stable orbit 350 miles above the earth.
For the analyses of various features of the satellite rocket which are not covered
in this report, see refs. 7, 8, 12, 18, 28 and 31.

The analysis of the drag of a satellite rocket may be considerably simplified if
certain small effects are neglected, and since this allows the drag to be evaluated
with an error not exceeding 10 per cent, which is sufficiently accurate for present
purposes, the drag is calculated on this basis. Using these drag results, an optimum
shape for the rocket is determined from the combined considerations of drag, flight
mechanics, and structural weight such that the rocket has a minimum gross weight. It
is found that the optimum body shape is defined by the skeleton parameter values
d/ﬁ; = 0.20 and £/£, = 0.80, where d is the maximum diameter, £ is the total length,
and £ is the length of the diverging (nose) section. However, since this result became
available only during the latter part of the investigation, it was necessary to proceed
on the basis of a design which resulted from an earlier study and which had the skele-
ton parameter values d/ﬁ; = 0.218 and,l/ﬁ% = 0.643 (see Fig. 10). The drag calcula-
tions are carried out for this body shape.

To provide aerodynamic stability the first stage of the rocket is equipped with
four fins having a delta planform and a modified double wedge profile. In accordance
with a required lift program for the rocket, the corresponding angle of attack program
is calculated, and from this the deflection of the control motor necessary to produce
the required angle of attack is determined (Fig. 14). From a consideration of the
rolling moments and the damping moments in pitch and yaw it is concluded that the
damping moments are negligible and that the rolling moments may be adequately controlled
by means of the rocket control motors. For the second stage of the rocket it was
decided not to use fins to achieve aerodynamic stability, but rather to make use of
the control motors to provide the necessary moments to overcome the aerodynamic
instability of the body.

On the basis of rocket motor gas dynamics, calculations are carried out for the
first burning period which give the average specific impulse, the ratio of specific
impulse at the end and beginning of the period, and a throat area factor, which par-
tially determines how large the throat area must be. These calculations are given for
the hydrazine-oxygen and the hydrazine-fluorine propellant systems, and also for
various combustion chamber pressures. The specific impulse and throat area factor are
also calculated for the second and third burning periods. Owing to the extremely
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small free-air pressure during the second and third burning periods, it is found that
for all practical purposes the specific impulse has a constant fixed value, depending
upon the combustion chamber’ pressure, which is the same for both periods. The same
result is also true for the throat area factor. The variation of the specific impulse
with height is given for the hydrazine-oxygen propellant system, this being the system
chosen for the satellite rocket.

On the basis of shock wave and characteristic theory, the lift coefficient for a
flat plate as a function of angle of attackis evaluated for high Mach numbers up to 10.
These results are useful in calculations for winged rockets having flat plate
lifting surfaces.

The investigation of the maximum skin temperature during the ascent of the rocket
reveals that this is of the order of 1300°R and occurs at a height of about 40 miles.
During the descent of the satellite the temperature is considerably higher, of the
order of 4000°R. It seems quite likely, however, that this temperature maybe considerably
reduced so that melting will not occur. This could be accomplished either by using an
adequate insulating layer over the skin {magnesium oxide for example) or by using wings,
or perhaps by a combination of both., The skin temperatures which cccur when the
satellite is in its orbit vary from 400 to 960°R, neither of which represents a
dangerous or objectionable extreme. The temperature difference between the earth and
space sides of the satellite is about 400°R.
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exhaust area of jet
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specific heat at constant pressure

total drag

maximum diameter of rocket

diameter of jet exhaust area

total thrust of the rocket motors

thrust per pair of rocket control motors
resultant or net thrust exerted om rocket
gravitational conversion factor = 32.174 ft/sec?
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heat transfer coefficient

specific impulse

basic specific impulse at sea-level ambient pressure and complete expansion
of the exhaust flow

moment of inertia
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drag coefficient factor referring to a particular rocket

thermal conductivity of air
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mean free path of atmospheric gas particle

length of diverging section {nose) of rocket body

distance from forward end of nose to center of pressure of body lift
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LIST OF SYMBOLS (Cont’d)

mass
B, = R, = mass rate of propellant flow
M Mach number

2]

Nu  Nusselt number = h _/k
Pr Prandt] number = Cp;z/k
P pressure
P, pressure in combustion chamber
P, exhaust pressure
P, free-air (ambient) pressure
p,, standard sea-level atmospheric pressure
q =1/2p0° = dynamic pressure
- BRe Beynolds number
R, universal gas constant
r distance from center of earth
S surface area
S, effective tail surface area
T absclute temperature
Tc combustion temperature
T, effective temperature of the boundary layer
T, free-air temperature at any particular altitude
T,, free-air temperature at sea level
Ty total or stagnation temperature
T, skin (i.e. wall) temperature
t time
t, length of burning period
| 4 volume
v velocity
v, exhaust velocity
¥ weight
¥, total initial (gross} weight
p weight rate of propellant flow = ipg,
a angle of attack
absorption coefficient
a* effective angle of tilt

shock angle
ratio of temperature differences in the boundary layer
ratio of specific heats
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coefficient of molecular viscosity
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AERODYNAMICS, GAS DYNAMICS AND HEAT
TRANSFER PROBLEMS OF A SATELLITE ROCKET

I. AERODYNAMICS

A. DRAG

In evaluating the drag of a satellite rocket it is convenient to separate the
drag into its various components, some of whith are more important than others, and
some of which may be neglected entirely, depending upon the accuracy required. In
supersonic flow some components of drag such as that resulting from base cutoff or
from interference between body and fins are not accurately known. Fortunately these
effects may be neglected if great accuracy is not required.

By permitting a certain small amount of error (about 10 per cent) the drag eval-
uation is considerably simplified and at the same time gives results sufficiently
accurate for the present investigation. Using the results of the drag evaluation, an
optimun shape is determined which gives a satellite rocket of minimum gross weight.

1.  The Drag Forces Exerted On a Supersonic Rocket

The drag forces on a supersonic jet propelled body such as the satellite rocket
can be divided into the following parts which are listed in the order of their
importance.

1. Pressure, or wave drag of the body = Dp
2. Friction drag of body and fins = Df
3. Wave drag of the fins = Dpf
4. Interference drag resulting from
presence of the base cutoff at the
stern =Dy
5. Interference drag resulting from
the interaction of the jet flow

and the flow over the body =D,

6. Interference drag resulting from
the presence of fins on the body

These last three interference drag forces may be treated in the manner of small cor-
rections and their sum will be denoted by

D, =D, + Dij + Dif‘ n

13 1
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The total drag D may then be expressed as the sum

D=Dp*Df+Dpf+D.. (2)

:

Consider the pressure drag on the rocket body which has a base cutoff at F as
shown in Fig. 1,

TOTAL LENGTH, 2, -

BOATTAIL OR
=— NOSE OR DIVERGING SECTION,—Smtato /oo o o o

JET AREA,Aq

E
DIRECTION -

OF FLOW do -

——

o - - - - —>C
NI

BASE AREA,Ag

\-HAX!MUDA SECTIONAL AREA.A

MAXIMUM OIAMETER, d

SCHEMATIC DIAGRAM OF ROGKET

FIG. |

. —
Letting T denote a unit vector in the direction of flow and letting do denote a vector

element of surface area, positive inward, the pressure drag on the body from O to E
is given by the integral

E

f,,:.a';.

0

Assuming a uniform pressure p; over the cross sectional base area Ag, and assum-
ing further that this is equal to the free-air pressure Py the total pressure drag
on the whole body including the base area Ag is

E £ E
-~ s 4 - — hed e 4
Dp=§pt-do'=fpt-dc’~po‘4£=f(’p-pa)t-do‘. (3)
0 0 0
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This last integral on the right will be used as the definition of the pressure or
wave drag, where it will be noted that the integration does not extend over the base
area A

’E

The role played by this last integral in the evaluation of total drag when a jet
is present will be clarified by the following illustration. Neglecting for the
present, the forces D, Dpf' and D, if an exhaust jet fills the base area and has
the same direction as t, the total resultant force F_ on the body is given by

E
i ——py
F = (hv, +pA) -f pi- do, (4)
o

where &, is the rate of mass flow issuing from the jet, v, is the jet exhaust velocity,
p, is the exhaust pressure, and Ae (in this case A, = AEE is the exhaust area. Making
use of (3), this equation becomes

E
F_= [&eue + (p, - po)Atl - f {(p - po); . do. (5}
]

The first term on the right in Eq. (4) is the actual internal thrust exerted on the
rocket by the rocket motor. However, the first term on the right of Eq. (5), denoted
by

F=iuy, + (p,-pJA, (6)

is the expression commonly used for the thrust of the rocket motor. At supersonic
speeds and for ideal frictionless flow, the integral occurring in Eq. €5) represents
the external wave drag on the body. For ideal frictionless flow at subsonic speeds
this integral vanishes, and the resultant thrust is then given by Eq. (6) which
includes the drag term p A  resulting from the presence of the exhaust opening.
Thus when the rocket thrusE is defined by Eq. (6), the resultant thrust is obtained

- -
by adding the integral -l~ (p - p,) i - do which, by Eq. {3), defines the pressure

0
drag.

For calculating purposes it is convenient to look upon the integral
E
-
= - P - (7)
b= [ b-p)i- &
0

as the pressure drag of the body from 0 to E which would result (for idealized flow)
if the body continued on to a pointed stern as shown at C, Fig. 1, and to take account
of the effects of the base cutoff separately. In this case the effects of a base
cutoff are reflected by the existence of a drag term D;, due to the base cutoff when
no jet is present, a drag Dij when the jet fills the entire base area Ay, and a drag

3
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term of the form D, + D, . when the jet fills only part of the base area as in the

case of the satellite rocket where the jet area occupies about half of the base area. .
These drag effects arise, in part, because a base and a jet change the upstream flow

over the boattail from that which would prevail if the body continued to C.. To the

drag effects induced by the presence of base and jet must also be added the skin

friction drag Df of the body and fins and the wave drag Dpf of the fins.

2. Approximations Used In the Drag Analysis

As far as the determination of the total drag of the satellite rocket is con-
cerned, this will be considered satisfactory if the evaluation can be made with an
error which does not exceed 10 per cent. On the basis of this accuracy requirement
the following simplifications can be made in the analysis.

1. Since the angle of attack, o, 1s never to be greater than about 2° in stable
flight, and actually not over 1° in the lower part of the trajectory where the
aerodynamic forces are greatest, the slight increase in drag accompanying these
small angles of attack will be neglected. For bodies of revolution the angle
of attack may be neglected to even higher values, but for finned bodies the drag
obviously increases at a greater rate with increasing a. Even when fins are
present, calculations and an examination of the German A4 data show that the
drag increases only about 2% for a one degree angle of attack.

2. The pressure drag on the body and fin surfaces over most of the subsonic
range of speeds is negligible. At high subsonic speeds, a correction must be
made which will be discussed later. At supersonic speeds the pressure drag
(i.e., wave drag) on the body becomes very large. The wave drag on the 30° delta
fins is still sufficiently small over the critical portion of the flight (where
the highest values of the dynamic pressure ¢ occur) that it may be neglected.
Even at higher Mach nunbers where the sweepback is no longer of value in reducing
the drag, calculations indicate a fin wave drag of only about 3% of the total
drag. further studies of the German A4 data for bodies alone and bodies with
fins indicated that the increased drag of the finned bodies could be accounted
for by skin friction alone. Accordingly, the only pressure drag which will be
considered at supersonic speeds is that of the rocket body alone.

3. The friction drag is included in the total drag for both body and fins at
all velocities, and is calculated according to flat plate theory treating the
total exposed body and fin surface as an equivalent flat plate. The error in-
troduced by the flat plate assumption has been investigated by Gothert' with the
results shown in Fig. 2. These results indicate that the effect on friction
drag of three-dimensional flow pressure gradients is negligible for the values
of d/£ applicable to the satellite rocket, (i.e., 0.1 5 d/£ £ 0.3) where d is
the maximum diameter of the rocket and £, is the total length. The curves of
Fig. 2 include a correction to the friction drag at high subsonic velocities
necessitated by the effect of non-zero pressure drag due to the presence of
. compressibility effects. This is the correction mentioned in item 2 above.

For references see page 59

4
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d = MAXIMUM BODY DIAMETER.
4, = TOTAL LENGTH OF BOOY.

- .oc'v
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FIG. 2

4. The body interference drag corrections resulting from the effects of the
base, the jet, and the fins are all negligible within the 10 per cent allowable
limit of error. This is justified by the following remarks. In. the subsonic
range, experimental tests on bodies extending to C (Fig. 1) show a negligible
difference in the drag value as compared with bodies with bases, if the base
point, E, is not more than half way from C to the maximum thickness position.
In the supersonic range, however, the base pressure is considerably different
trom the free stream pressure so that the base drag is not zero. However cal-
culations show that because of the small size of the base area unfilled by the
Jet, neglecting the base drag leaves the accuracy within the specified limits.
R Justification for the neglect of the fin-body interference drag was found as the
- result of a study based on German A4 drag data® for bodies with and without fins.
o It was found that when the friction of the fins alone was added to the friction
of the body alone, the resulting value was the same as the measured friction drag
- of the body plus fins, thus indicating a negligible fin-body interference drag.
In the subsonic range, the jet causes a reduction in pressure on the boattail
section thereby causing an increase in drag while in the supersonic the jet
" causes an increase in boattail pressure, hence a decrease in drag. However,
since very little is known concerning this effect and since the jet producing
it occupies only about half of the base area, it is believed that this jet effect
is quite small, and it will be neglected in both the subsonic and the supersonic
range.
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A

In summarizing these simplifications, it can be said that the total subsonic.

drag on the rocket consists of the friction drag of body and fins plus certain high
subsonic corrections (Gothert). The total supersonic drag of the rocket consists of
the friction drag on body and fins plus wave drag on the body alone. In accordance
with these simplifications the total drag may be written

D =D, +D,. (8)

3. Methods Employed In Evaluating the Drag

The wave drag, which is calculated on the basis that the gas dynamical laws are
valid throughout the part of the trajectory where it is important, is discussed by
separating the drag D_ into two parts, one part due to the diverging section and
another part due to the boattail er converging section. The diverging section of the
rocket is the part extending from the front end back to the maximum diameter; the
boattail or converging section is the part extending from the maximum diameter to
the stern, (see Fig. 1). The maximum diameter of the diverging section is denoted
by d, and the length of the diverging section will be represented by Z.

From an examination of the literature on the supersonic drag of cone-shaped
bodies it is found that for ‘reasonable’ shapes having the same value of d/£ the drag
does not differ much, and in view of the degree of accuracy specified in the drag de-
termination, such bodies may be considered as having the same drag. In fact the drag
of a Karman-Moore ogive and that of a cone having the same d/£ and same volume differ
by about 10%. The corresponding parabolic profile has a value lying in between’.
This difference in drag of bodies having the same general shape varies somewhat de-
pending on what other parameters are held constant when the shape is varied. Not
withstanding the fact that the drag does not change much for a given d/£, we still
require the best shape for a given d/£. The determination of the optimum shape for a
given d/£ will be discussed later. Since the cone gives a conservative value (rela-
tively large) of drag, but still within the specified limits of accuracy, and since
the cone drag is better known for the larger values of d/Z (the error inherent in the
linearized theory is greater in magnitude than the difference between cone drag and
ogive drag), the drag of the diverging section of the body will be assumed to be that
of an equivalent cone. Thus the drag of the diverging section is calculated from the
Taylor-Maccoll theory* by means of the inscribed cone whose half angle ¢ is given by
tan ¢ = d/2 . We shall denote by CDpn the conical nose wave drag, as calculated
by the Taylor-Maccoll theory.

The wave drag on the boattail or converging section of the.body depends, among
other things, on the shape of the diverging section, and it is concerning this part
of the body drag that least is known. For example, no systematic theoretical inves-
tigations have been made on this subject, and the experimental data are quite sketchy.
From what qualitative information is available, it appears that the following remarks
may be made.

1. The supersonic boattail wave drag varies as 1/M?, becoming negligible above
M = 5 (similar to the base drag). This is similar to the variation in the nose
drag coefficient which also diminishes as 1/M*, but which does riot go to zero as
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does the boattail drag but essentially to 2 sin® 8 (for Cp based on cross
section area) at sufficiently high Mach numbers. This is the value predicted
by Newtonian drag in which the air on striking the surface loses the component
of its momentum normal to the surface®' ®. The Newtonian concept also predicts
the zero drag on the boattail at the higher Mach numbers.

2. At Mach numbers between 1.5 and 2, it has been found that when the boattail
angle is equal to the nose angle or does not differ by more than about 20° from
the nose angle, the drag appears to be calculable on the basis of an average
pressure times the subtended area normal to the flow, where the average pressure
is equal to the negative of the pressure on the inscribed nose cone. On this
basis the magnitude of the boattail drag can be calculated according to the

equation
- A-A
C = {C > % (1.?5)2x E'
Dpbt ("P“>M= .75 42 A 9
where Cp  is the wave-drag coefficient for the nose and that for the

boattail. A represents the maximum cross section area and Ay 1s the total base’
area including that of the jet. The nose coefficient Cbpn is defined by

- wave drag of nose
Cbpa oA ) (10)

where ¢ = 1/2 pv® is the dynamic pressure, and where the wave drag is calculated
from the Taylor-Maccoll theory for the inscribed nose cone using ¥ = 1.75. In
passing, it must be remembered that high subsonic pressure drag effects are
added as a correction term in the friction drag according to the data obtained
by Gothert.

Using the equivalent flat plate method, the friction drag has been calculated
for both body and fins, over the Mach number range extending from 0.2 to 0.925 and
from 1.2 to 6. The effects of variation in Reynolds number is included in the cal-
culations. The lower limit of Reynolds number and the upper limit of Mach number
were determined from trajectory considerations; that is, the altitudes were determined
at which the drag g D/ on the rocket (where W is gross weight and g, is acceleration
of gravity) becomes negligible as far as flight performance is concerned; see the
Flight Mechanics Report’. The lower Reynolds number limit corresponds to a trajectory
altitude of about 300,000 feet. The atmospheric gas at heights of this order becomes
so rarefied (see ref. 8 for analysis of the atmospheric density at high altitudes)
that the gas dynamical laws are no longer strictly valid®’ ®** *®  However, as long
as the Reynolds number is such as to predict laminar flow (but not low enough to give
Stokesian flow), we are at least not beyond the ‘slip’ region. This will be true
provided Re > 100 (see Tsien'®), and in this case the gas dynamical laws may be used
as a first approximation. The error in the drag determination resulting from this
approximation is not of too great importance, since under such rarefied gas conditions
the drag term gsD/W becomes relatively small; and any such inaccuracies in the drag
have but negligible effect on the trajectory performance of the rocket.

The actual friction drag calculations were made from the laminar and turbulent
boundary layer formulae given by Cope''’ ''®. Cope finds, by means of a simple

7
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theory, that the frlccxon drag depends on Mach number as well as Reynolds number. For
example, at ¥ = 2 and Re = , the skin friction drag coefficient,C, = friction drag/
(g% Surface Area) is about ?5% that of its incompressible value. Although this result
agrees very well with German experimental data, the entire problem of supersonic skin
friction is in need of serious theoretical investigation. Curves of C, based on
equivalent flat plate surface area are plotted as a function of Re and Mfand shown
in Fig. 3.

These calculahed frxctlon drags were further increased by 35% in accordance with
the findings of Gothert' to account for ‘manufacturing roughness’. The friction
drag coefficient D, . based on the maximum cross sectional area A is evaluated in
terms of the coefficient Cf by means of the relation

= C. x surface area (1)
f  maximum cross sectional area

be,

It should again be pointed out that the surface area here includes that of the fins.

The drag associated with transonic flow (0.9 € ¥ £ 1.2) still remains to be
considered. While the transonic phenomena are fairly well understood, the actual
aerodynamic values of drag must still be obtained by experiment. Since it is im-
possible to produce a Mach number of 1.0 in a wind tunnel which contains a model, it
becomes necessary to obtain transonic drag data from free flight tests and wing flow
tests during flight. The results of such tests indicate that the maximum drag occurs
in the Mach number range 1.0 $# £ 1.2. For bodies of small fineness ratios {length/
dianeter) the peak drag is nearer # = 1.2, and the peak is fairly flat. For thinner
bodies the peak is generally at a lower Mach number and is sharper. The indications
are that the maxinum peak values of the drag are seldom more than 10% greater than the
calculated drag for ¥ = 1.2. 1In view of these remarks, it is considered satisfactory
to use values of drag for the transonic region which are determined by interpolating
over a fair curve connecting the value at ¥ = 0.9 to that at # = 1.2, The total drag
of the rocket, subsonic, transonic, and supersonic, is calculated in accordance with
the methods which have been presented above.

4. The Optimum Shape For a Satellite Rocket

The previous discussion has been concerned with the methods employed in calcu-
lating the drag so that these may now be used in an investigation to determine a body
shape for the satellite rocket which is the best shape from the combined considera-
tions of aerodynamics, flight mechanics, and structure. In the Flight Mechanics
study’, the parameter v, defined by

¥p - weight of propellants consumed during a burning stage , (12)

V= came

¥, gross weight of the stage

is the fundamental quantity which is investigated to determine the minimum gross
weight for the satellite rocket. To investigate the optimum rocket shape in a rigor-
ous and exhaustive manner would require the following procedure:
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1. Holding all trajectory shape parameters constant and for a chosen body shape,
determine, according to the methods of ref. 7, the value of v required to give
the desired orbital conditions. The body shape enters the trajectory equations
through a drag term gsD/K, where D is total drag, W is gross weight, and g, is
the gravitational conversion factor.

2. On the basis of the value of v thus determined and the corresponding applied
load which the structure must withstand, the necessary structural weight, and
therefore gross weight which the rocket must have would be determined.

3. The calculations 1 and 2 are repeated for a wide variety of possible body
shapes until the shape giving the least gross weight is found.

Since this procedure would require a prohibitive amount of calculation, it is

fortunate that the problem can be handled in a simpler manner as follows. Since the
drag represents a small perturbation as far as the trajectory calculations are con-
cerned, and since the best shape of body represents a small perturbation (up to 10
per cent) as far as the gross weight is concerned, it is therefore permissible to
make use of the following simplified procedure in determining the optimum shape for
the body; the drag of the fins will not be considered.

10

1. As a basis for discussion it is assumed that the gross weight is known to a
zero order approximation; that is, the order of magnitude of the gross weight
is known and the changes resulting from changes in shape will be reflected only
as a first order change in the gross weight. In general, for any rocket stage,
since the required thrust is proportional to the gross weight and since the
thrust is proportional to the exhaust area, it follows that the exhaust area is
proportional to the gross weight. Then, since the gross weight is assumed known
to a zero order approximation, 1t follows that the exhaust area is known or
fixed to the same order approximation. A continuation of this line of argument
then shows that when the gross weight undergoes a first order change, the corres-
ponding first order change in the exhaust area will cause a second order change
in gross weight. Accordingly, the jet exhaust area A, and the base area A; may
be considered fixed as far as the gross weight of the optimum shape is concerned.

2. Structural considerations’? show that the main variables which determine the

~gross weight of the body are the overall shape parameters £,/d and £/d, Fig. 1.

When these parameters are allowed to vary subject to the restriction that the
gross weight must remain constant to zero order, the valume remains constant to
zero order, and the gross weight varies to a first order due to the rearrangement
of material. After the best skeleton values é;/d and Z/d are chosen according
to considerations to be described below, it is then possible to investigate the
best aerodynamic lines which can be drawn upon the skeleton. Once Z,/d and Z/d
are chosen and are therefore fixed, it will be found that the possible choices
of reasonable aerodynamic lines lie within such narrow limits that within this
narrow range of shapes it is permissible to treat the first order values of
volume and gross weight as constant. Accordingly, when the skeleton shape para-
meters £ /d and £/d have been determined from the combined considerations of
aerodynamics, flight mechanics, and structural weight, the best aerodynamic
shape for least drag can be investigated on the basis of constant volume.

waldtiec
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3. Since it is found in the trajectory calculations’ that the maximum value of
the drag term g D/W occurs in the Mach number range 1.25 £ M < 1.5, the investi-
gation of the Optll'lllm values for Z/d and Z,/d will be based on ¥ = 1.5. Tt will
be assumed for this study that at other supersomc Mach numbers the percentage
change in g D/W with the body shape parameters is the same as that for M = 1.5.

Thus when the drag 1ntegral=l = g (D/W)odt has been evaluated over a flight
path (trajectory) for chosen values (ﬂd) and (E ,fd) the value of the integral
for other values of these parameters is obtained smply by changing the value of
'IDo by the same percentage that g D/W changes at M = 1.5. It is assumed that
changes in drag do not result in any change in the shape of the trajectory.
Thus, the general drag integralef,, is evaluated from

C C
szg Dagr-2 ¢ -2 fg(!’.) dt, (13)
D ] CDa Do CDo awo

where the subscript zero refers to quantities which are based on the best (Z/d),
and (£ /d) , the best trajectory shape, and the smallest value of ¥, known at the
time. The drag coefficient C; is evaluated by means of the formula

c, - total drag of body (14)

g %2/'3

and is calculated for various £/d andf? /d using the fixed values ¥V, and d /V 3
where d is the diameter of the base area A fo- These results are shown in
Fig. 4, v 1ch gives C as a function of d/f and t/f rather than of d/£ and d/f,.
The basic drag mtegralef is then evaluated from the relation {in this con-
nection see Eq. (80) of ref 7)

2
c, qVv3
) Do o
Ssg) - T (15)
0
Wi (1 - v, ..t.;)

where, for any particular rocket stage, Wi is the total initial (i.e., gross)
_weight and t; is the length of the burning period.

4. The next step is to calculate the variation of v as a function of Z/d and
f/’d through the drag mtegral«f = [gs(D/#)dt. This is done by making use of the
sxmpllfled formula (61) of ref. 7 which, for this purpose, may be written in

the form
D
(20 - )fg5<7)odt
1 . 1+ Do log 1 (16)
1 1-v

- Y 3 - 1 o
(ng Ij log

11
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The variation of » as a function of d/f, and £/Z, is shown in Fig. 5. It is
seen from Fig. 4 that the winimum drag coefficient is associated with large values
of £/£,. However, a large value of £/€ , requires rather severe boattail angles,
which would cause poor air flow conditions over the after end of the rocket body.
The optimum £/¢, must therefore be chosen with this in mind, and it appears that
values of £/£, greater than 0.80 should be avoided. These same remarks also apply
to the curves for v, Fig. 5, which show that minimum v is associated with large values
of ZK,. The initial gross weight W, corresponding to the values of v in Fig. 5 and
calculated according to the method presented in ref. 12 is plotted in Fig. 6. On the
basis of this plot it is found that the optimum values are

4 £
(-d—l = 4.00 , and|=2] = 5.00.
pt d apt

W, = INITIAL GROSS WEIGHT = GROSS
WEIGHT OF FIRST STAGE.

CALCULATIONS BASED ON:
1150004~  vALUES OF ¥ FROM FIG. 5.
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DETERMINATION SEE REF 12.

2040

Jwir

I I |

H 0,000
- Lo .
g N Lioko 4. .o
% 105,000 / L y A
g N ‘ _
5 N / / ]
:% 100,000 £=
e R / / // &o.ao_
E 3 - -
= moc\" / / 7
WS / / -
g\\\ 5 :
20000 e / /|
'y R / |
B \\ // ]
[ \T" / - _
BS.OOG_ \‘?_/ -
IR TN N N
3] fo 1. 20

0.25 030 035 040
FINENESS RATIO -_g-
'S

GROSS WEIGHT OF THE THREE STAGE HYDRAZINE-OXYGEN
SATELLITE ROCKET AS A FUNCTION OF FINENESS
RATIO AND RELATIVE LENGTH OF ODIVERGING SECTION

FiG, 6

14




February 1, 1947 : SECRET

These values are based on 5; = 0.80 and 4 = 0.20.
° opt o opt

Since time schedule limitations made it necessary to arrive at a final design
for the rocket body before the study leading to Figs. 5 and 6 could be completed, the
values used for £Z/d and #,/d were those determined from a previous but less exact
investigation of similar nature. It is this previously determined design which served
as a basis for the values Cy , W, V. (£/d), and (£,/d), used in Eq. (15). This
design was based on£/d = 2.95 andZ,/d = 4.59, It is seen from Fig. 6 that this re-
sults in an increase in gross weight of only about 5000 1bs.

The profile of the delta fins was determined after a consideration of both theo-
retical and experimental work on the subject. The final design incorporates a modified
double wedge with the maximum thickness at the 50% chord position (always determined
parallel to the direction of the flow). A 5% thickness ratio for the basic double
wedge was decreased (from subsonic flow considerations) by fairing in (tangentially)
a circular arc from the 33 1/3% chord position to the 66 2/3% chord position. This
resulted in a final thickness ratio of about 4%. This small thickness ratio results
in such small wave drag that only the friction drag need be considered, as explained
above.

The drag coefficients used in the first and second stages of the trajectory are
shown in Figs. 7 and TA. These values are based on the maximum cross-sectional area 4
and are calculated over the Mach number range as described earlier. A further slight
simplification was made inasmuch as it was assumed, for purposes of calculation, that
the variation of C4 with Reynolds number, Re, was negligible for M < 0.75.

In order to use these values of Cb in the trajectory calculations, the drag term
gsD/W was evaluated from the relation

CpAq

Dy, (1n)
W.{l -v =
l( ‘b)

which may be written more conveniently in the form

g

2
v
C (=2
Db, 91 000)? (1000 (18)
g,w gs Wl 2p00(100) 1-y.t_ '
L7

where #; is the gross weight of any stage, o,  is the standard sea level value for
the atmospheric density and o o), gives the free-air density at the particular height
in question (see ref. 8). Absorbing the constants in this equation into a constant K,
it may be written

)
ol ———
D - kg, MO/ (19)

()
ty

LA
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where

K=g, %‘ x.%.p“ (1000)2. (20)
4

The variation of KCp with Mach number and altitude for the first and second stages is
shown in Figs. 8 and 8A.

As a further aid in visualizing the function of the drag in the trajectory equa-
tions, the calculated values of D/W and the dynamic pressure q are plotted as a function
of time in the trajectory for the first two burning periods {(see Fig. 9).

Although the drag calculations were made on the basis of an inscribed cone ex-
tending all the way from the forward end of the nose back to the maximum diameter, it
is still desirable, in order to secure better subsonic and transonic flow conditions
and better supersonic stability, to adopt a better shape for the nose section, if
possible, than that of a cone alone.

Of the three main body shapes given consideration — conical, parabolic, and
Karman-Moore ogive — for the same Z/d and volume, the ogive has the least drag at
low supersonic speeds. On the other hand, the cone has the least drag at high super-
sonic speeds, and, in addition, has a smaller body moment at low supersonic speeds.
These considerations plus a consideration of the manufacturing problems involved lead
to the choice of the cone for the shape of the front part of the nose and a shape
lying between a parabola and a Karman-Moore ogive for the remainder of the nose and
the boattail. The resulting body shape is that shown in Fig. 10,
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5. Rarefied Gas Dynamics (Superaerodynamics)

In making the drag calculations it was necessary to take account of the fact
that at the higher altitudes where the atmosphere has the properties of a highly
rarefied gas the drag coefficient can no longer be determined on.the basis of the gas
dynamical laws but must be calculated according to the properties of free molecule
flow, Tsien®, S;ngerg’ %% Thus for heights above approximately 80 miles, the at-
mospheric density is so low and the mean free path so large (comparable to the size
of the rocket at 80 miles, see ref. 8) that the gas molecules behave as independent
particles as far as the drag on the rocket is concerned. The most reasonable hypoth-
esis to use in calculating the drag under these conditions appears to be that in
which it is assumed®’ ®** '” that the gas particle enters the metal skin of the rocket
losing all of its directed kinetic energy, comes into thermal equilibrium with the
metal, and then leaves the metal skin in the manner of diffuse reflection. On this
basis, the atmospheric particles upon striking the rocket lose all of their momentum;
the total force on the rocket is a drag force only (no lift can be produced) having
the value posz where o 1is the free-air density. This gives CD = 2 as the appro-
priate value for the drag coefficient. This appears, at the present time at least,
to represent the best value to use at high altitudes (above 80 or 90 miles) and at
high supersonic speeds where the thermal velocities of the gas particles are negligible
compared to the velocity of the rocket. In the lower altitude region from 60 to 80
miles it is not clear just how the drag should be calculated. In this region of the
atmosphere the drag is probably determined by some combination of the gas dynamical
laws and the free molecule process. For lack of anything better at present, the drag
in this region is evaluated by interpolation.

The need for further research in the field of rarefied gas dynamics (also called
superaerodynamics) should be emphasized. While the above ideas on free molecule flow
seem quite reasonable, their verity has not actually been completely established
experimentally, since they are based upon experience obtained by research on low
pressure flow in pipes where the stream velocity was relatively low and in a direction
parallel to the wall. Experiments should therefore be performed with very low density
air moving with very high velocity and striking a surface at a finite angle. The
range in densities and velocities covered should of course include the intermediate
region between free molecule flow and gas dynamics.

A particularly important need for a much better knowledge of superaerodynamics
in general rocket vehicle studies is that which arises in connection with the deter-
mination of lift forces in a highly rarefied gas. A knowledge of lift forces is
especially important in the descent of a winged rocket. With our present knowledge
the drag, at least, is known within reasonable limits; but the lift, which can greatly
affect the trajectory, is not known within one or two magnitudes in the high altitude
rarefied gas regions.

B. AERCDYNAMICS OF STABILITY AND CONTROL

In the first burning stage of the satellite rocket trajectory large unstable
aerodynamic body moments arise which must be counterbalanced by the use of a proper
amount of fin area. With the lag in response of present servo-systems such large

unstable aerodynamic moments could result in violent undamped oscillations of the

rocket. In the second stage flight it is believed that the much smaller aerodynamic
20 |
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moments can be controlled by the servo-system. It was decided therefore to provide
external fins for the first stage but not for the second and third stages. The un-
stable aerodynamic moments in the second stage will be discussed later. The main
problem to be considered here is the design of fins for the first stage. Some in-
stability can be controlled by the servo-system, but we shall nevertheless try to
design for complete stability.

Since the rocket must be stable both in pitch and yaw, and since symmetry about
the roll axis is desirable, at least three fins must be used. However, it seems
advisable to use four fins since this gives smaller rolling moments in cross flow
than three fins and also allows the yaw and pitch controls to be separated, which
permits the use of a simpler servo centrol system. Inasmuch as the stability re-
quirements in pitch and yaw are practically the same and since symmetry is desirable,
it was decided to use four fins of equal size and shape, spaced 90° apart. The rocket
is to be controlled in a flight program of very small angles of attack, and the roll
moment (due to pitch or yaw) may therefore be neglected. The damping moments in
pitch, yaw, and roll will be discussed later. In accordance with the above remarks,
and since the requirements on pitch stability and control are a little more stringent
than that of yaw (due to the prescribed angle of attack in pitch program), the main
problem reduces to the design of the two fins for pitch static stability. The re-
sultant design will also be used for the vertical (yaw) fins.

Opposing the stability requirement (large fins desired) is the requirement of
low weight, low drag, and low value of the maximum stable moment necessary to hold the
prescribed tilt program (small fins desired). The last item is predicated by the
desire for small rocket control moments, so that the thrust component along the flight
path is kept as large as possible. Therefore the first matter that will be discussed
is that of the control moment available from the rocket motors. The aerodynamic
moment will be taken up later in two parts, that due to the body, and that due to
the tail.

1. Control Moment

Besides a fixed rocket motor there are four movable rocket control motors, two
for pitch, two for yaw, and all four for roll. The necessary control moments are
provided by deflecting the control motors so that their thrusting direction is at an
angle to the longitudinal axis of the rocket. The pitching moment about the center
of gravity is given by

Moment = F_ (ILS - ﬁ%) sin 8,

where F_ is the thrust per pair, Z;g is the position of the center of gravity, and
i Zp the position of the rocket motor pivot — both measured from the forward end of
L the nose, and & is the deflection of the rocket motor in degrees measured downward.
- The control moment coefficient is defined by

Gy, = Momene - Ferin® (Feg _fn)
Mp = TqAd qA

d d
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wjhere q is the dynamic pressure, d the maximum diameter, and A the frontal area of
the body (4 = 7 d°/4). For small angles of deflection it is convenient to define the
moment coefficient by

dc
P
Ll

where d(y,/dS is the moment coefficient slope per degree. Then

o, F, (L, %
- (___8_._) (21)

A \d d

The center of gravity is practically constant during the first three-quarters of
the first stage burning, moving somewhat forward during the last quarter. Redesign
of fuel tanks could probably

€y “MOMENT COEFFIGIENT ABOUT CENTER OF eliminate this movement. There-~

14 GRAVITY « MOYERT fore, the center of gravity is

D L OEPLEcuIoN OF HOCKET GONTROL MOTORS) assumed constant at 359 inches

from the forward end of the nose

12 (fcg = 2.92 d). The control

n motor pivot is 26 inches from

\ the base (fp = 539 in. = 4.38 d).

3= 10 Y_S“E‘_Lm ROGRET SaTTH P Thf.- c'ontrol motor t;l.\rt'as.t per

| FIRST STAGE pair is 43,800 pounds initially,

e l / increasing with altitude to

2 0o 51,800 pounds at the end of the

g / burning period. Fig. 9 gives

: L7 \ Gﬂgggsg‘fggﬂ&-\/ the variation of dynamic pressure

4 06 with Mach number. The control

3 \ / motor slope coefficient computed

N k \ )4 fromEq. (21) with d = 123 inches

§ o¢ and 4 = 82.5 square feet is

3 i \ / presented in Fig. 11 as a function
o // of Mach number.

NG

° ~] The maximum deflection of

i the rocket control motors is 15°

and it was specified that a de-

-02 flection of not more than 5°

' 2 3 4 s ® should be required to hold the

MACH NUMBER, M v
vehicle on course, the balance

MOMENT SLOPE FOR BODY AND CONTROL MOTORS being available for corrective
OF THE THREE STAGE HYDRAZINE —~ OXYGEN purposes. The actual values
SATELLITE ROCKET DURING THE FIRST STAGE finally obtained will be dis-

FIG. 1} cussed later.
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2. Body Moment

The body is shown in Fig. 10. Study of available literature on body lift and
center of pressure, theoretical and experimental, revealed a considerable amount of
conflicting information, indicating either poor experimental work or inadequate theory.
Most projectiles and missiles have a much greater length-diameter ratio and less of a
boattail. The data on these more common missiles could not in a simple manner be
carried over to this problem. The following analysis was therefore undertaken.

The body forces (lift and moment) were considered only for that portion of the
body ahead of the fins. The body forces aft of this point can be included with the
forces on the fins as described later. In subsonic or supersonic flow the presence
of the tail does not essentially change the normal force distribution ahead of the
maximum thickness position. In supersonic flow this is certainly true even up to
the fins. Further, in subsonic flow the normal forces on the boattail are not sig-
nificant except for the region of the actual tail and the body it includes. Also at
very high supersonic speeds the forces are almost entirely on the front end and on
the tail. This suggests that the body moments may be calculated from the lift and
center of pressure on the nose section only. It is certainly not true in the low
supersonic region that the lift on the portion of body between the maximum thickness
and the tail is negligible, but the center of pressure moves aft if this is taken
into account so that the moment changes very little. To the accuracy of our knowledge
we shall calculate body moments from the nose section only.

The body nose is essentially conical. The center of pressure for a cone in
supersonic flow is known to be positioned at a distance behind the nose equal to
two-thirds the length of the cone. The nose section here is 364 inches so the center
of pressure, £p, is taken at 241 inches = 1.97 d.

The lift coefficient is defined by

= Lift
C T ey
L qA

and for small angles, as before,

dC
Ci = q wmli,
da

where a is the angle of attack in degrees. The body moment slope is given by

@, =

where the subscript B refers to the body. Actually the normal force N, not the lift,
is desired in determining the moment. However, for small angles they are identical,
and in what follows it is the normal force slope which is determined even though it
is referred to as lift slope.

According to Munk the subsonic value of(dCy/da) | for the front half of a
slender body of revolution is 0.015 when C, is based on volume and when the center of
gravity is located at the position of maximum thickness. Increasing this number by
the factor 2.05 to give the value of dC,/da based upon Ad instead of volume results
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PN

in the value dC'/da = 0.0315. At very high speeds the normal force coefficient on a
cone is given by : - , L

CN = cos® ¢ sin yZa.,
or

dC,
(—1) = 2 cos® ¢.
do a =9

where ¢ is the semi-vertex angle of the cone.

The derivation is given in the Appendix. For the value ¢ = 11°, which is used for,
the satellite rocket, dCy/da = 0.0335 per degree. From Eq. (22) it follows that the

moment slope is 0.0318.

Information for determining the body lift slope in the supersonic region is
shown in Fig. 12. The upper curve was obtained by integrating the normal force
distribution {as given in ref. 13) on the ogival nose of the German A4 rocket at
angles of attack of 2° and 4°, Ref. 14 gives the pressure distribution on two conical-
nosed projectiles tested in Italy, The integrated normal force for the nose only is
shown in the figure, and Tsien's theoretical values (ref. 15} are included for com-
parison. Lin (ref. 16) gives theoretical results for conical-nosed projectiles having
nose angles of 10° and 15° and an over-all length of 4d. The 14° projectile of ref.
14 had an over-all length of approximately 4d, and the measured value of dC;/da was

CALIFT cOEFFICIENT = LITT
a <ANGLE OF ATTACK
£ *LENGTH OF CONE
06 d *MAX(MUM DIAMETER OF CONE -
A : MAXIMUM CROSS SECTIONAL AREA<——d*
- S
— =gy A4 ~HOSE ONLY, £°354
wio
'1" SLENDER BODY
T pe. | SUBSONICH
. g ke, LIN:IS*CONE, £ =ad ASSUMED VALUE
§ FOR THE SATELLITE
= 5 2 ICONE, ,g:%g‘ — Rocker
" porit Ty
S s ™ LIN: (P CONE, £-44 f
[ [ § L/
w LT, M-2nc0
<« %
@ a
- o Far'wﬂe.i-a
“ o2 |
pr X
L)
oz
g4
o1 a8
X TSIEN
[+] 1 -4 3 4 5 1]

MACH NUMBER, M

LIFT SLOPE OF VARIOUS CONE —~SHAPED BOQDIES
Fig 12 ’
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0.07 as compared with Lin’s result of .039 for a 15° nose. It is seen that the agree-
ment between theory and experiment is not very good. :

The Lin and Tsien data for a cone show dC,/da to be .030 to .038 in the neighbor-
hood of ¥ = 1 to 2. For a cone this value fafls off with increasing Mach number, but
tor an ogival body, as shown in Fig. 12 for the A4 nose, dC;/da goes up with increasing
Mach number. Since the design here is much nearer a cone than an ogive and since
there exists a serious lack of agreement between theory and experiment, it is be-
lieved that the best that can be done at this time is to use the constant value
(dﬂy/da)B = .032 for all Mach numbers. Using this value in Eq. (22) it is found
that (dC;/da)g ~ 0.034.

3.  Tail Moment

The tail lift- characteristics are readily obtained, but the problem of deter-
mining the effective tail* area is not a simple one. The subsonic lift was determined
from unpublished wind-tunnel tests up to M = .95 on a delta wing with 45° semi-vertex
angle (Douglas Aircraft Company, El Segundo). The value at ¥ = 1 was taken from
Jones’ approximation, (ref. 17). The supersonic values were obtained from an un-
published compilation of available experimental information prepared by North American
Aviation, Inc. The lift slope thus obtained is presented in Fig. 13.

07

0% //
a * ANGLE OF ATTACK LIFT

“d \ C * LIFT COEFFICIENT= i

AN

S sPLANFORM AREA

b3

8
P

SLOPE OF LIFT CURVE, :

/
4

0 2 3 L J €
MACH NUMBER, M

LIFT SLOPE FOR A DELTA WING
FI6. 13

* The effective tail area takes into account the lifting effect of that portion of the
rocket body which separates the fins.
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After some preliminary calculations the planform decided upon for the fins was
one corresponding to a delta wing having a semi-vertex angle of 30° and an area of
50 square feet per fin. The delta wing planform was selected because of its favor-
able aerodynamic characteristics — namely the maintenance of lift, low drag, and
rearward center of pressure — in the transonic and low supersonic regions.

The effective tail area was determined in the following manner. First the ex-
treme values were determined. The maximum area is obtained by extending the delta-
shaped fin clear to the center line of the body and assuming that this full area is
effective in the same manner as an isolated wing. The minimum area is obtained by
considering the fins alone, outside of the line extending straight back from the body
junction, and placing the halves together. There are thus obtained two delta ‘wings',
one with 241 square feet of area, the other with but 81 square feet. The effective
value is somewhere between these values and was assumed to be the mean value, 161
square feet. A delta wing of this area has a root chord of 200 inches and the center
of pressure is located one-third of this length, 67 inches, from the base,

A second method is one commonly in use by the Aerodynamics Section at the Douglas
Aircraft Company in which the enclosed body area is assumed to be 60 per cent effect-
ive. The area enclosed between the fins is 98 square feet. With 50 square feet of
area per fin the total effective tail area is thus found to be 159 square feet.

A third method, developed by North American Aviation, Inc., gives the enclosed
body area as 52 per cent effective, which corresponds to a total effective tail area
of 151 square feet. The center of pressure is located 66 inches from the base.

The mean of the values obtained by these three methods is 157 square feet. The
Douglas method was therefore adopted. The effective tail area was taken as 159 square
feet (1.93A) with the center of pressure located 67 inches from the base, that is,

£Lyp = 498 inches = 4.05 d. The tail moment slope is then given by

dC, £, 2\ (4C\ S, (23)
(E;_)T ( d ) (da )w:r_’

where (dC /da) is the slope of the lift curve from Fig. 13 and S, is the effective
tail area.

The total aerodynamic moment slope was computed by

| (ﬂ) . (ﬂ) - .0320 (ﬂ) :
da da [p da |p do Jr

This result is presented in Fig. 11 for comparison with the control motor moment
slope dC”R/dS. From Fig. 11 it will be noted that a small unstable aerodynamic

moment slope is present beyond M = 4.6. It should be pointed out, however, that
actually this instability may not be present because the forward movement of the
center of gravity (which occurs in the present design for ¥ > 2) is probably suffi-
cient to retain the stability. In addition, because of the reduction in dynamic
pressure, actual aerodynamic moments will be quite small in comparison with those of
the rocket motors.
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4. Control

The optimum trajectory for the satellite rocket’ requires that after an initial
period of vertical flight the rocket must be tilted in a manmer to give a trajectory
for which the angle of inclination ¢ with the horizontal has certain prescribed
values., The change in 6 with time is produced by the combined action of gravity and
a lift force, L, normal to the trajectory. In the flight mechanics investigation”
the total normal lift force L is specified by F sin a*, where F is the total thrust
and a* is the effective angle of tilt, which reduces to the angle between the thrust
vector and the tangent to the trajectory when the rocket has fixed motors and no
aerodynamic lift. However, since aerodynamic lift is present and since the rocket
control motors will, in general, be deflected, the actual angle of attack a is slxghtly
different from a*. The total lift L is defined by

L=Fsina*=F , sina +F_sin (@ +38) +1L, (24)
where F_, is the thrust of the stationary motor and the yaw motors, F_ is the thrust
of the control (pitch) motors, and L, is the aerodynamic lift.

For small angles, as before, F = F , + F_, and

Fa* = (F,,+ F)a+F8+51.3L =Fa+F5+57.3L_ . (24a)

The aerodynamic lift is given by

in which

@ \&)p \d&),4

This flight program calls for a continuous turning of the rocket about a transverse
axis so that it will always be headed along the prescribed trajectory. The flight
condition, therefore, is that the applied moments shall be equal to the time rate of
change of the angular momentum of the rocket. This condition gives the relation

g6 +a) (25)

Aerodynamic moment + control moment =
dt?

where J is the moment of inertia of the rocket about the center of gravity. This may
be written

4 2
¥ . . gd(6 +a)
57.3 aaad Th + F3(4 - fy) + 1 L0 a)
Letting x = Cé% ~,£;g)/d, this becomes

- 1%y J &#(6+a (25a)
F5=5730pa 2 M. L 40 a), a

t
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Substituting this expression in Eq. (24a) yields

- dc dC 2
Fa* = Fa + S7. L+_1__H)‘Jd(80a)’
a a 573an( : 7

which may be written in the form

. dC; 1 dCy
_—t 2
all+57.390  xda | 4o J d°(0+a), (26)
CF Fxd dx?

where Cp = F/qA. .

Both € and a* are prescribed by the flight program as functions of time, and all
quantities in Eq. (26) are known except a. Using the iterative process, Eq. (26) may
be integrated numerically by assuming values of a at each step such as to satisfy
the prescribed values of € and a*. Eq. (25a) is then used to calculate the required
control motor deflection 5.

However, a consideration of the order of magnitude of the terms in Eq. (26) re-
sults in an important simplification inasmuch as it is found that the inertial term
may be neglected, and thus the differential equation becomes simply an algebraic
equation. Initially the moment of inertia is approximately equal to 150,000 slug-ft®,
decreasing to 116,000 slug-ft® at the end of the first burning period. The thrust
increases from an initial value of 124,000 lbs to a final value of 147,000 lbs. Hence,
the coefficient J/Fxd has an initial value of 0.08 and decreases to a final value of
0.04 in the first stage. The second derivative is at most of the order of 0.10 so
that the right hand term is at most of the order of 0.008, a quantity negligible in
comparison with a mean value of a*. Eq. (26) may therefore be solved with sufficient
accuracy by means of the relation

a=a* (26a)

+

B8
Bl&

N

1+ 57.3
CF

Figure 14 gives a* the effective tilt angle as prescribed by the flight program,
a the corresponding actual angle of attack, and & the control motor deflection re-
quired to produce these values of a. These values are given for the first burning
period only, since for the remaining part of the trajectory the angle of tilt a is
always zero.

5. Damping Moment

The German data indicate that the damping moments in pitch do not vary much with
bodz shape. The A4.danping moment (aChampﬁad.k:O.Q. where C%arp = 24 damping moment/
pW?d) was entered into the control calculations (see ref. 18) and was found at most
to be one per cent of the servo applied damping moment necessary for proper control.
Since this aerodynamic damping moment is negligibly small, no further investigation
of this effect was necessary.
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N PBN‘ LENGTH OF FIRST BURNING PERIOD
* DEFLECTION OF ROCKET CONTROL
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6. Rolling Moment

Approximate calculations of an elementary nature show that the static rolling
moments, arising in the first stage from gusts or when the angle of attack is, for
example, three times larger than that prescribed, are of the order of 5000 ft-lbs.
Moments of this magnitude can be adequately compensated for by the rocket control
motors. The damping moments inroll, like the damping moments in pitch, are negligible
compared with the damping woments provided through the servo-system.

7. Stability of the Second Stage

At the start of stage 2 there will be a short interval in which the rocket \nll
be aerodynamically unstable. The moment slope coefficient is given as before by

dCH = dCL (lcg-'tlﬂ)
‘do.  da d ’

where dC;/da is taken as 0.0335 for very high Mach numbers and the center of pressure
is taken as two-thirds the nose length, i.e., Zp = 2/3 x 260 = 173 in., /, = 244
inches, d = 101 inches. This gives dC”/da = 0.0235,

For the second stage the moment slope coefficient is referred to volume by using
the multiplying factor 0.712 which gives (d(;""./da.)ml = 0.0167, nearly the same as the
value at the lower Mach numbers for the first stage. Owing to the low values of ¢
during the second stage, it is believed that the servo-system {rocket control motors)
can be used to provide satisfactory control over this aerodynamic instability.
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ITI. GAS DYNAMICS
A. ROCKET MOTOR GAS DYNAMICS AND DESIGN

The principal gas dynamical problem arising in the design of the satellite rocket
is that of the proper design of the rocket motors to give the greatest possible thrust
consistent with least weight and space required for the motor in each rocket stage.
In general this will require a different design for each stage.

- The discussion contained in this section does not present a complete story in
itself but rather is intended mainly as a collection of the gas dynamical relations
and information which it is necessary to have in connection with other phases of the
satellite rocket investigation. No attempt will be made here to derive any of the
basic gas dynamical relations, since these are well known and are adequately explained
elsewhere (see refs. 19, 20 and 21 for example}.

By use of Eulers' momentum theorem®?’ 2 (impulse theorem), it can be shown®*
that the thrust F produced by a rocket motor is given by"

S,
Fof v, 220 f (b, -0 d,. (20)
A A
& €
where v,, = axial component of the exhaust velocity
dn,,

—F = element of mass of propellants flowing through the exhaust
dt area of the nozzle per second (i.e., the rate of mass flow
through an element of exhaust area)

p, = exhaust pressure
p, = free-air (ambient) pressure

A

. exhaust area.

When the flow is one-dimensional so that v_ = v_ is the total exhaust velocity, the
thrust expression becomes

dm
F=ou, dTP t (P, - P A, (28)

where dmp/dt is the rate of the total mass flow of propellants. 1f further, the
expansion of the exhaust flow is complete so that p, = p,, the thrust has the special
value F where

dm
- (4
F, = ve.a.?. . {29)

* See also Eqs. (3)-(7) in Part I.
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P This is readily shown®® to be the maximum thrust obtainable from a rocket motor.

Although complete expansion of the exhaust flow to free-air pressure is highly de-
sirable since it gives the maximum thrust condition, this usually requires such a
. long exhaust nozzle that, in order to keep the size of the nozzle within practical
a limits, it becomes necessary to design the nozzle for underexpansion with P, > P,

A rocket motor consists of a combustion chamber and an exhaust nozzle as shown
in Fig. 15,

CONVERGING SECTION ~———andws- DIVERGING —too
SECTION

—gud COMBUSTI10Mbee-

—— CHAMBER |

PROPELLANT —eeetm {
FLOW

PeTe i

ve-o 1

o XHAUST NOZZILE

MINIMUM SECTION OR
THROAT, AREA = Ay
OIAMETER sd,

SCHEMATIC DIAGRAM OF ROCKET MOTOR
FiIG. I5

The propellants flow into the motor at 1, and burn in the combustion chamber, 1 to 2,
reaching the absolute temperature T, and the pressure p,. Assuming the combustion
to be complete by the time the gases reach 2, the products of combustion flow nearly
adiabatically through the exhaust nozzle 2 to 4, which has a minimum section at 3
where the local sonic velocity is reached, and an expanding portion 3 to 4 where the
supersonic flow expands with decreasing pressure. When all of the burning is com-
pleted at 2 and if there is no friction or shock wave in the exhaust nozzle, the flow
from 2 to 4 will be isentropic. Since the main component of the flow is in the axial
direction, it is usually sufficient to treat the flow as one dimensional. Thus, on

the basis of one-dimensional isentropic flow, the exhaust velocity v, is found to
be24. 26, 27

. 1
T ¥
v = |2fug 4 PR | I S I (27)1-(_’2) , (30)
e W o< \y -1 T, s\ W y - 1 P, |
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there the: 1sentrop1c pressure-temperature relation has been used. R, is the universal
. gas constant, M is the molecular weight of the products of combustion, ¥ = C JC is
the average ratio of the specific heats over the temperature range Tc to T,, and the
temperatures are expressed on the absolute scale as demanded by the equation of state
P =P (R, /M)T. The basic specific impulse I is defined by

- _fo Lt (31)
° de &
o

/

where F is the thrust corresponding to complete expansion of one-dimensional flow to
sea-level ambient pressure, Eq. (29), and g, is the gravitational conversion constant.
Thus the basic specific impulse is glven in terms of the combustion chamber and
exhaust conditions by the expression

R [T 7’
1 - VR [Te § 2 1-(&) i (32)

This equation is commonly used in investigating the specific impulse of different
propellants as is done in the Liquid Propellant Report??. The values of I, used in
this report are taken from ref. 28.

More generally, when there is incomplete expansion of the exhaust flow, the
specific impulse I is defined by®®

P, .fi - Ae
- F _ Y P,
I d_-—-—f y . (33)
g_mﬂ €s g _1}:
S di s dt

where v, is given by Eq. (30). Thus the specific impulse will depend on T, /M, p,/p_,
and p_/p,. It depends on the height of the rocket through the free-air pressure p,.

Owing to the presence of the term p_/p,, where p, is a function of altitude,
the main question which arises in-a rocket motor design, particularly when the motor
is to operate over a large variation in p,, is the determination of the best value to
use for p,. Consider a staged rocket such as the satellite rocket which consists
of three burning stages’. Since the trajectory of the first stage extends to a height
of about 20 miles, the corresponding variation of P, is very great. However in the
second and third stage burning periods the free-air pressure p, is already so small
that its variation is of no significance as far as the operation of the motor is
concerned, and for these two stages it is best to design the motor on the basis of

p, = 0. The main problem then is that of determining the best design of the rocket
motor nozzle for the conditions encountered during the first stage of the burning.
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From Eq. (33) it is seen that when the operating conditions are such that v, is
constant and when the burning occurs with constant rate of mass flow of propellants,
the specific impulse may be expressed as a linear function of the free-air pressure,

I=a-bp,. . (34)

The time average of I during the first burning stage is the same as the value of I at
the height of the average value of‘po during the first stage. Since the gain in
velocity in the trajectory will be greatest when the time average I is greatest, it
is evident that the best design (best values for @ and b) is that for which I is
greatest. The maximum value of I is obtained when the nozzle is designed to give
complete expansion, ﬁo(ﬁa being the time average value of p_, during the first
stage), with parallel, one-dimensional, exhaust flow. Thus, the nozzle of the: first
stage rocket motor should be designed to give complete expansion with parallel exhaust
flow for an external pressure having the value P,» since, with a fixed exhaust area,
this will result in the greatest average thrust over the first stage part of the
trajectory. This average value of p, in the first stage flight is actually about
/2 p,, (where P,, is the standard sea level pressure). The nozzle thus should be
designed to an exit pressure of 1/2 p, so that at sea level the nozzle is over-
expanded. This will cause no difficulty, since even for the most poorly designed
nozzles (conical) an over-expansion to /4 p does not cause shock separation when
the expansion angle is as small as the design to be described here. The minimum
length of the diverging portion of the exhaust nozzle (3 to 4, Fig. 15) which will
give parallel exhaust flow may be determined on the basis of a recent investigation
by Guderleyao. This length is a function of the pressure ratio po/pc, and for the
range of pressures of interest here (p, from 1§ to 0 psi, p, from 150 to 600 psi) it
is found that the minimum length to give parallel flow is greater than is desirable
for use in the satellite rocket. Letting &, denote the length of the diverging
section 3 to 4, Fig. 15, and d; the throat diameter, it 1is found from combined con-
siderations of weight, thrust, and skin friction that satisfactory values for &, are
given by £, = 2.76 d, for the first stage and £, = 4.25 d, for the second and third
stages®'. The results of ref. 30 may also be used to determine the loss of thrust
which results when the length E; is less than that required to give parallel flow;
and for the first stage, for example, where £, = 2.76 d,, it is found that the loss
in thrust is only about 1/2 per cent, which may be absorbed into the general rocket
motor efficiency factor.

The methods and results presented in ref. 30 are of considerable importance in
rocket motor design. In this paper Guderley shows how the diverging portion of the
exhaust nozzle should be designed to give the greatest thrust for various given values
of #£,/d, and for different values of p,. The analysis, which assumes frictionless
flow, is based on a method of three dimensional characteristics combined with the use
of the calculus of variations. The rocket motor nozzle shapes and efficiencies for
the satellite rocket as determined on the basis of the results of ref. 30 are discussed
in ref. 31.

Letting 77 denote an efficiency factor which includes burning efficiency and
friction losses, and using #, = g dmy/dt to denote the rate of weight flow of propel-
lants, relation (33) becomes {for parallel flow)

Iaizp

mn = wpv, * (Pe - PJA,- (35)

3
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A thrust coefficient Cp is ﬁow introduced as defined by the relation -

. F _ Iwmp 9 P, P\ 4
(ST oty O Rt R 6o
npct npct pct pc pc t

. where A, is the sectional area at the throat. Letting C% denote the specific heat at
constant pressure, it may be shown that

Y -1

o, P e 1 | [P} T ,

where the subscript t refers to conditions at the throat. Since the Mach number M,
at the throat is always equal to one, it follows that this may be written in the form
(see ref. 19, p. 60)

y+1 Y -1
. -1
e, L 2%(2)” RLAN 37)
M — | ————— —— .
pA, -1 \r+1 P,

In the special case that p, = p , we have

Y+l Yy -1
v -1 Y
Cp = 25 2 1-ﬁ . (38)
y-1\r+1 . P,

Since -it is found that the time average of p, during the first stage of the
burning is about half the sea level pressure, which will be denoted by 1/2 p__, if
the exhaust nozzle should be designed to give complete expansion at this pressure,
the average specific impulse I, during the first stage would be given by

/ 7+ 1 71

— A -1 Y

Il=nlf’c t _Lz'}’z ( 2 ) 1 - (%poo)< . (39)
Wy y-1\y+1 P,

where, since p, = P, = 1/2 p,,, the average value of the term (p /p, - p,/P.) is zero.

However, the instantaneous value I, of the specific impulse in the first stage will

be a function of the external pressure p_ as given by

r Y+l ¥ -1
-1 1
I, = M P Ay /22 ( 2 )7 I - (%p“) § +('§ﬁe -ﬁe)—A—‘,uO)
fvP v -1 Y+ 1} P P, b, At

<
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where 7, includes losses in thrust due to burning inefficiency, friction, and a 1/2 %
loss because the length.£, is shorter than that necessary for complete expansion. The
value 9, = 0.90 has been adopted as a satisfactory description of the rocket motor
performance in the first stage. The area ratio is calculated from the relation (ref

19, p. 60)

ﬁ--‘- ?’\‘l mm————— (41)

where it is understood that p, = 1/2 p,, is to be used in the first stage.

Setting p, = p,,s the basic specific impulse I, Eq. (32), may also be expressed
in the form

Y+l v -1
A v-1 7 A
1 =P 2 y° 2) . 1 o[ Peo Pl .
i s B P, B o

It is now desired to determine the best (optimum} value of the combustion chamber
pressure p_ to use in the operation of the rocket motor. This is determined by weigh-
ing the increased flight performance (acceleration) which occurs with large p, against
the extra weight which large p_ and large acceleration demand because of the structur-
al strength required. Using 7, = 0.90 and comparing (39) and (42), it is evident that

[ 71
i)
. ' ‘p
= 0.90 Io ‘7 = . {43)
1 -(poo) 'y
P, _J

By using this expression, I, may be calculated for various combustion chamber pres-
sures p, using the values of I derived in ref. 28 for the different propellant
systems. This relation is plotted in Fig. 16 for the hydrazine-oxygen propellant
system. The values given here for I,, together with those for I, and I, discussed
later, are used to decermme the optimum p. according to the analysm given in the
Structure and Weight Report'?®
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The investigation of the optimum p_ for least gross weight also requires the
relation

, (44)

where I, . is the specific impulse at the beginning of the first burning period and
Ixf that at the end of the period. As with Eq. (43), this ratio may also be investi-
gated for various propellants and various p_.. These plots are also shown in Fig. 16.
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In order to proceed further with the structural requirements it is necessary to
know how A, varies with p_ and with the propellants used. At the end of the first
burning perlod the thrust is ¥, (1 - v)n (ref. 7) where W, is the gross weight of the
first stage, n is the maximum load factor, and ¥ is the tatio of propellant weight to
gross weight. From Eqs. (36) and (40), using p, = 0 at the end of the first burning
period, the thrust is also given by

¥+ 1 Y -1
2 Y -1 Y A
F,=npA 2y (2 1 -[4Peo +d1Poofe| (45
lf 1 e t :}' ~ . l %pc 2 pc At ( )
and it therefore follows that
¥, (1 - vin
A,y = 1 K, where (46)
2
y+ 1 Yy -1
- 1.
1 - 29?2 2 Y 1 Pe0 4 +_Lpoer
AR -1 P, Pe Ay

The plot of K1 is included in Fig. 16. The variation of these parameters for the
hydrazine-fluorine propellant system is shown in Fig. 17.

In the second and third stages the excernal pressure P, is zero as far as the
nozzle design is concerned. When the exhaust pressure p, in the nozzle is zero, it
is found that parallel flow can never be obtained no mat:ter how great the dlstance/
is made. In view of this fact, for stages 2 and 3 a reasonable length is chosen for
/2 and the shape is based on results given in ref. 30. The length chosen was ap-
proximately 4.2 times the diameter d,, which gives A /A, = 15 approximately. Since
the parallel {one dimensional) flow case is so readily calculable and since, for
A_/A, = 15, the difference in efficiency between that for parallel flow and that for
the chosen design is only 1.5 per cent, paralle]l flow is assumed. The 1.5 per cent
error thus introduced is absorbed into the efficiency factor 7, = 7, which then be-
comes M, = 7, = 0.9, = 0.89, since a 1/2 % loss of this type was already included
in the value 77, = 0.90. It is now necessary to determine the quantities I,, I,, K,,
and K, for the second and third stages. On the basis of one-dimensional flow

y+1 y -1
v -1 24 A
Cr - 27’( 2) 1 [ L +Pe e (48)
y - 1\y -1 p, p. A,
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where Aé/At,= 15. Now K, = 1/PCCF2 and therefore

W. (1 - v)n
tz - e K.

T2

A

In a similar manner it is shown for the third stage that

=W3 (1~v}nK

t3 at

K

A

(49)

(50)

where K, = K, and 7, = 7,. Since I, = I, =(m,p Ay, /isp,) Cp,, and I, =[P A, ,/5p,)Cp,.

it follows that

I, r AVERAGE SPECIFIC IMPULSE

DURING FIRST BURNING PERIOD
K; <THROAT AREA FACTORSEE TEXT
Iy = SPECIFIC IMPULSE AT END OF

FIRST BURNING PERIOD

(51)
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Using values of I and ¥ from ref. 28, plots of 1,, I, /I,;, and K, versus p,_
as the independent variable are shown in Figs. 16 and 17. Plots of K, and I, versus
p_. are shown in Figs. 18 and 19. These results are used in the Structure and Weight
Report'? along with structural consideration in order to obtain the optimum chamber
pressure for which the rocket motor should be designed. The initial structural
studies indicated that the optimum values were p_, = p_, = 150 psi and p_, = 400 psi
for the hydrazine-oxygen propellant system. - This gives I, = I, = 296.7 and, from
Eq. (39) and (42), I becomes

y -1
1-(§p°0) 7 (;poo -_"_a)is
A
I,=091, Pe + Pe Pl " L (51a)
y-1 y+ 1 y -1
o1
1 -[Poo 29% (27 1 Poo) 7
P, y-1\y+1l P,

Using the optimum value p_, = 400 psi and atmospheric density values from ref. 8, the
variation of I, with height as computed from Eq. (5la) is shown in Fig. 20. These
values of I, were used in the final trajectory calculations of the Flight Mechanics
Beport7. Also, on the basis of these optimum values found for the p_s exact shapes
were determined’! for the diverging portion of the exhaust nozzle on the basis of
the methods explained in ref. 30. More refined structural studies'? carried out
after these calculations and the trajectory calculations had been completed showed
that the optimum P., was somewhat higher than 400 psi. The optimum value of p_, and
p_, remained unchanged. However, since this more accurate value °f-P¢x produces a
change in the minimum gross weight of less than 1000 pounds, the use of the value
P. * P,y = 400 psi is sufficiently accurate for the analysis.
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B. LIFT FORCES ON A FLAT PLATE AT HIGH MACH NUMBERS . o
FOR USE IN WINGED ROCKET CALCULATIONS o

4

In the early stages of the satellite rocket investigation it appeared that jet *
vanes might be used for control purposes and accordingly a brief study was made of
the lift coefficient of a flat plate at high Mach numbers in order to determine the
relation

CL = f(M, a),

where C; is the lift coefficient, M is Mach number, and a is angle of attack. Since
jet vanes are situated in the high temperature exhaust flow the calculations were
based ony = 1.25. However, since results based on this value of ¥ will not differ
greatly from those which would be obtained by using the usual value ¥ = 1.4, the jet
vane results may be applied to the lifting surfaces of a winged body descending
through the atmosphere. For densities which are high enough that the gas dynamical
laws are valid and if friction is neglected, the calculations give exact results for i
any angle of attack and any Mach number provided the shock always remains attached &h
to the leading edge as shown in Fig. 21, "

/———-PRANDTL‘-HEVE'! EXPANSION ¢
LEADING EDGE —\ :
e

ODIRECTION

OF FLOW

SHOCGK WAVE

SHOCK WAVE

PRANDTL—MEYER EXPANSION

o s ANGLE OF ATTACK
/3 * SHOCK ANGLE

SGHEMATIC DIAGRAM OF FLAT PLATE INCLINED
AT AN ANGLE TO SUPERSONIC FLOW

FIG. 21

A single shock wave extends away from the lower surface leading edge while a
Prandtl-Meyer expansion occurs at the upper surface leading edge. The pressure on
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the upper surface is constant and may be computed by making use of the characteristic

equation of snpers:?ic;flow (the epicycloid equation). The epicycloid solution for

supersonic flow is

' a = B tan™?!
' ‘
[ 4
where a = angle of attack
B |21
-1
K = velocity along the upper surface
u, = free-stream velocity
' a* = 2 a
y+1l °
@, = velocity of sound in the gas at rest.

If p, is the free-stream pressure and P53, 1s the pressure on the upper surface, the
ratio of these pressures is

[ ] Y
W 2 7-1
1 .LUe*
Pay _ B ) (53)
Py :2 2
1 -|-2"
B

The pressure ratio is determined from this relation by first calculating ¥/a* from

Eq. (52).
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The flow on the lower surface goes through a single shock wave and also produces

a constant pressure along this surface. The pressure on the lower surface is cal-
culated from the well-known relations for a diagonal shock wave®.

If Pal is the
pressure on the lower surface, the pressure and angle relations are

Pali|l 27 y 2 sin® B[ 21|, (54)
P, |>¥y+it y + 1
vz
tan @ = :‘ , (55)
2
a*
l&l . u.2
sin 8 = a* a* , (56)
Bl uz 2 uz 2 —%—
o) e
y * 1
u M
and T:‘ = ! 2 . (57)
1+2 ; Ly®

M, is the free-stream Mach numbers, B is the shock angle, u, is the horizontal com-
ponent of the velocity along the lower surface, and v, is the vertical component, The

vertical component v,/a* is connected with the horizontal component u,/a* by the
strophoid relation

u, u, 2 u, u, 1
() LT Prir i
=
LLme 2 (Y
ct *® vy+1 Q*

Computing the pressure according to these formulas and evaluating the lift coefficient
from the relation

. (58)

A

(_{’3.1 - "ia) cos a

¢ - Py P,y , (59)

we obtain the results shown in Fig. 22.
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III. HEAT TRANSFER

Owing to the rather extreme conditions under which a satellite rocket must op-
erate, several important heat transfer problems require serious consideration. These
problems may be separated into three categories: (1) those connected with the high
speed air flow over the external surface of the rocket (skin temperature), (2) those
connected with the high speed flow of the propellants through the propellant system,
and (3) the flow of the high temperature products of combustion through the exhaust
nozzle (cooling of the rocket motor). In the discussion here, only the heat transfer
problems arising in connection with the skin temperature (external flow) will be
treated. Thus, a very important heat transfer problem arising in connection with
the external flow over the satellite rocket is that of determining the maximum skin
temperature produced by atmospheric friction resulting from the very high speed flight
of the rocket, not only over its ascending trajectory but also during the descent.
Once the satellite has been established on its orbit, a further problem is that of
determining the variations in temperature of the skin resulting from radiation pro-
cesses. '

A. SKIN TEMPERATURES DURING ASCENT OF THE SATELLITE ROCKET
AND DESCENT OF THE SATELLITE BODY

It is found that the maximum skin temperature during the trajectory ascent oc-
curs at heights where the Reynolds number still predicts laminar flow. Actually this
is the so-called region of slip flow, Tsien'?, where the mean free path ! of the
atmospheric gas particles is no longer negligible compared to the length of the body.
In the study here it will be assumed that the slip flow region is bounded by {/£,= 0.1,
and that for 1/£,> 1 free molecule flow exists. As in the drag ﬁnvestigation, it
will be assumed that the gas dynamical laws are valid during the ascent, at least up
to those heights where the Reynolds number still predicts laminar flow, i.e., Re 2 100.

The important physical processes determining the skin temperature are the forced
convection of heat from the boundary layer to the skin and the loss of heat from the
skin resulting from its emitted radiation. There would also be some heat conducted
through the skin to the inside of the rocket, but since this would be difficult to
specify, it will be neglected. This neglect gives a conservative (high) value for
the skin temperature. On the basis of the first law of thermodynamics the equation
for the heat transfer per unit time and per unit surface area is

dT, Ty (17,,\
28 gt o T - L Y T 60
Csz "ML T ge[( 100) ( 100)] ’ (60)

where C = specific heat of the metal skin which is composed of stabilized 18-8 type
stainless steel. The thickness of the skin is 0.020 inch.

= mass of metal skin per unit surface area

P hia

= the instantaneous absolute skin temperature (i.e. wall temperature)
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T, = inherent temperature of the skin when it is in thermal equilibrium with
the boundary layer

. t .= standard sea-level temperature of the atmosphere
t = time

h = average heat transfer coefficient over a length of wall £, per unit area
per unit time

Btu

hour ft? (—i&) ¢
100

o = Stefan-Boltzmann radiation constant = 0.174

€ = emissivity of metal skin.
.
The first term on the right represents the forced convection and the second term the
radiation. 7The variation of the specific heat C with temperature is shown in Fig.

23.
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The term o€ (1, flOO)‘ is supposed to represent adequately the rad1aclon received
by the skin from the sun, the atmosphere, and the earth when the rocket is travelling
over a trajectory. Strictly speaking, at low altitudes T, should be replaced by the
free-air temperature T, at the given altitude. At high altitudes the temperature
used should be that which would result from solar insolation alone. However, since
this does not differ greatly from the sea level atmospheric temperature (see Fig. 25
for example), the value T, will be used. On the other hand the use of T, for the
skin temperature at heights of the order of 70-80 miles would be quite erroneous
since, although the atmospheric gas has a high kinetic temperature at these heights,
the atmosphere is so rarefied that the effect of its temperature in determining the -
temperature of the skin is entirely negligible. The error introduced in the maximum
skin temperature determination by using T, instead of T, is very small, about 20°F.

In the forced convection term T; is the inherent temperature of the skin which
in general differs from the total or stagnation temperature just outside the boundary
layer. For example when the Prandtl number, Pr = C;uf&, is different from 1.0, the
inherent temperature is less than the total temperature. C_ is the specific heatof .
air at constant pressure, i is the absolute viscosity, and & is the thermal conduct-
ivity of air. For discussing heat transfer calculations and test results, Eckert®?
finds it convenient to use the formula

T, -T,
1 - r:...___..TT i, (61)
T~ 7;
where I is defined by the ratio
T, -T
r = b B . (618)
T, - Tg‘

In these expressions Ty = T, [1 + (y=1)42/2] is the total temperature, T, is the
free-air temperature, M is the flight Mach number, and T_ is the local moving gas
temperature in the flow just outside the boundary layer. Eckert?? gives [ = 0.96 for
a turbulent boundary layer and [ = 0.85 for one which is laminar. Considering the
degree of accuracy of the calculations, it is quite permissible to use the value
"= 1.0 since this will result in an error in the maximum skin temperature of only
about 50°F, which is quite negligible.

On the basis of German experimental data Eckert®® finds, for turbulent flow,
the empirical relation
_he |
k

(62)

and that this relation is valid for subsonic as well as supersonic flow. In this
expression Nu is the Nusselt number, h is average value of the heat transfer co-
efficient over the length .Z, from the leading edge (in this case the forward end of
the nose), and Re is the Reynolds number. The pressure and velocity used in evalu-
ating Re are the local values just outside the boundary layer. The above resule,

Eq. (62), is in agreement with work done in this country by Martinelli, Tribus, and
Boelter®®. Eber®*, on the other hand, finds a value for NMu in the supersonic region
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" which is about half that given by Eckert’s formula (62), but since this work was done
in the transition region from laminar to turbulent flow, these results are discarded
in favor of Eckert’s results. It is important to point out ‘that the formulas of
Eckert and Martinelli give temperatures about twice that which would be given if the
formula of Eber were used. The temperatures derived here will therefore lean toward
relatively high values. '

Using formula (62} by replacing Re in terms of its definition, Be =€ v p(T,p)/
K, and using the values & = 6.87 ¥ 107%(T)?'®® Bru/hr ft °R, and p = 1.259 x 107*%(T)
971 1b hr/ft?, we obtain

k= 11.5 u P 0-8 , (63)
(4) " 3T\ Poo

where u represents the local velocity of flow just outside the boundary layer, and p
is the corresponding pressure. The atmospheric pressure at sea level is denoted by
P,,- The manner in which T is to be interpreted is still to be determined. The
question is whether T should be interpreted as the boundary layer temperature or the
skin temperature when these two differ, as is the case when a transient condition is
present. Eckert indicates that the data favor the interpretation of T as the skin
(i.e., wall) temperature T, and since this is also a conservative interpretation, it
is the one adopted. The maximum skin temperature when based on this value, T = T,
is 200°R higher than when Ty is used.

For laminar boundary layer flow the heat transfer formula is

he 0765 e\ (64)
("9;)0'5 Pso

This formula is used for Re < 2.9 x 10°, where the Reynolds number is computed from

L
Re = 27.3 % 107 v Py . (65)
(7;)1.71 Poo

For Re > 2.9 % 10° the formula used for the heat transfer coefficient is

0.883
(T1.) , (66)
_Z -

L4 i

A = 11.5 " 002
(2)° % (T,)° %" \Poo

where the second term on the right is present in order to take account of the laminar
boundary layer on the forward portion of the nose. The pressure p is the local pres-
sure just outside the boundary layer and is evaluated from the Taylor-Maccoll cone
theory*. At Re = 2.9 X 10° the two expressions for h become identical.

The position along the skin of the body where the maximum temperature occurs
will be situated, in general, where m/S and .g, are small, that is, where h is large.
The maximum temperature calculations are therefore carried out for a position near
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the forward end of the nose at.@, = 1.2 ft. where »/S = 0.82 1b/ft®. For this posi-
tion and using a trajectory very similar to that adopted as optimum in ref. 7, the
variation of the skin temperature T, with time as computed from Eq. 60 is shown in
Fig. 24, These values refer only to the lower part of the trajectory (up to about
60 miles) where the gas dynamical laws are assumed to be valid. This is the region
in which the high skin temperatures are produced, and it is seen from Fig. 24 that
the maximum temperature indicated is of the order of 1300°R. This occurs at a height
of about 40 miles. Earlier calculations based on a less steep trajectory had given
a maximum temperature of the order of 2000°R. :
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In the rarefied regions of the atmosphere above 80 or 90 miles the heat transfer
can no longer be calculated on the basis of the formulas given below but rather must
be based on the properties of the free molecule flow mentioned previously in Part I.
It was pointed out there that the gas particles are assumed to lose all of their
directed kinetic energy upon striking the metal skin of the rocket. The temperature
effects resulting from the impacts ot the gas particles on the skin may therefore be
computed on this basis. At these altitudes (80-90 miles) the third stage of the
rocket is operative, and since this has the shape of a cone, the rate mass flow en-
‘tering the skin (the gas particles are assumed to enter the skin and then be reemitted
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diffusely as explained in Part I) is P,¥S sing, where P, is the atmospheric density,
v is the speed of the rocket, S is the conical surface area, and @ is the half angle’
of the cone.

It is more convenient here to consider the rocket as stationary in a stream of
atmospheric gas of velocity v. The velocity v is so large compared to the thermal
velocity of the particles that the latter may be neglected, and all particles may
then be considered as moving in the same direction, that of the direction of motion
v. Since the kinetic energy E per unit mass of atmospheric gas is 1/2 v®, the rate
dE/dt at which energy enters the skin of the rocket is

df . 1 .
i (6

On the basis of this equation it is found that at altitudes above 150 miles
the temperature effect resulting from the impacts of the gas particles is completely
negligible, and the temperature of the skin is determined entirely by radiative heat
transfer. It thus follows that only the radiation processes need be considered in
calculating the temperature of the skin of the satellite body during its orbital
motion at heights of the order of 350 miles.

Before discussing the temperature of the satellite during its orbital motion,
brief mention may be made of the temperatures which would result during a descent of
the satellite from its orbit. This type of motion was investigated in ref. 7 (Part
II, section 11), where it was found that the descent from 350 to 100 miles altitude
was quite slow and was attended by very little change in the velocity or in the angle
of inclination of the path. Beginning at 100 miles altitude, however, the descent
progresses at a more rapid pace, and the rate of descent in the lower portions of the
atmosphere where the density becomes appreciable is extremely rapid. This combination
of high speed and high density during the lower part of the descent is found to pro-
duce very high skin temperatures. In the descent calculations of ref. 7 it was
assumed that the satellite was always headed in the direction of the flight path, and
the drag from 350 miles down to 80 miles altitude was calculated on the basis of the
free molecule theory, using C; = 2 and using the atmospheric density values given in
ref. 8. Below the height of 60 miles the drag was calculated on the basis of the
usual gas dynamical laws (Taylor-Maccoll theory for the cone). Between 80 and 60
miles interpolated values of G, were used.

As in the drag calculations where the divergence from orbital conditions was
assumed to be negligible down to 100 miles, it is assumed here, in an analogous
fashion, that temperature equilibrium exists down to 100 miles. The temperature in
this region is therefore calculated from Eq. (60), using the relation

KT, - T,) = £ p,v°sin ¢ (68)

N s

and the additional condition d?;/dt = 0. Thus at a height of 100 miles, for example,
the steady state heat balance equation is

Lo vising=oe ‘-Tl.)‘ - (7-‘22)‘ . (69)
2°° 100 100
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The temperature T,, is used in the radiation term because it represents a reasonable
value for the average temperature which would result for the body on the basis of
radiation processesalone. Using € = 0.95, and the appropriate values p = 9.6 x 107 **
slug/ft®, v = 24,070 ft/sec, and T,, = 538.8°R, it is found that T, 2 687°R at 100
miles altitude.

From 100 down to 80 miles altitude the temperature is calculated on the basis
of free molecule flow. In this altitude range the variation of temperature with time
is larger, and it is necessary to use the differential equation

dT T,\* (T,\*
cRr”_ -1, 3ine- =l Lflea) | .
Sar gt e (100) ‘ (mo) (70)

At a height of 80 miles where v = 24,090 ft/sec this gives T, = 1060°R. Since no
lift can be produced by free molecule flow, it follows that even if the descending
body were equipped with wings, the velocity and therefore the temperature would remain

unchanged.

Beginning at a height of about 60 miles, the heat transfer equations (60}, (64),
and (66), which are based on gas dynamics, are appropriate to use as a first approxi-
mation in the determination of the temperature, the approximation becoming more ac-
curate as the regions of higher density are encountered. It may be worthy of note
that the use of the ordinary gas dynamics heat transfer equations implies much smaller
relative amounts of heat transferred from the air to the skin since, in the gas
dynamics region, the air is turned to flow along the surface of the body, thereby
retaining a major portion of its total energy.

Between 80 and 60 miles altitude, the temperatures are determined by fairing the
values of h above 80 miles into the values found below 60 miles. Although the cal-
culation of the temperature variations below 80 miles has not yet been completed, it
is evident that the skin temperatures calculated according to Eq. (60) will be very
high. In this case it is appropriate to add further heat transfer terms to Eq. (60)
in order to take account of the loss of heat in the boundary layer due to emitted
radiation and also due to gaseous dissociation. Recent calculations by Friedman®®
show that the maximum boundary layer temperature when dissociation is taken into
account is of the order of 5000-7000°F. In view of this reduction in the maximum
boundary layer temperature resulting from dissociation, it appears that it may be
possible to avoid melting during the descent of the satellite, especially if a suit-
able external insulating layer is used. Thus when dissociation effects are taken
into account, it is found that the maximum skin temperature during descent will be
of the order of 4000-4500°R. In this case it seems quite possible that a protecting
layer of magnesium oxide over the outside surface would be sufficient to prevent
melting of the skin.

An investigation is under way to determine whether the maximum skin temperature
is reduced when the descending satellite body is equipped with wings. The preliminary
results of these calculations indicate that by using wings having the same size rela-
tive to the body as in high speed airplane design, the descending trajectory may be
sufficiently altered that the skin temperatures which result are only half those
which would occur when no wings are employed.
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;gf" ‘ B. TEMPERATURE OF THE SAfELLITE BODY DURING ITS ORBITAL MOTION

» Once the satellite has been established on its orbit, the skin temperature during
., the orbital motion will be determined entirely by radiation processes. In order to
calculate the radiative heat transfer, the following assumptions are made.

1. The solar radiation Q, consists of parallel rays containing energy of amount®

Q = 429 Btu ' (71)
¢ hr fe?

The satellite is always situated in the equatorial plane of the earth which is
at a constant inclination of 23.5° to the earth-sun radius vector.

2. The satellite rotates about the earth in the equatorial plane at a constant
height A  and a constant angular velocity @,. One side of the satellite always
faces the earth, spends half of the period P of rotation on the night side of
the earth, and never receives any direct solar radiation.

3. The earth is assumed to radiate as a black body at the temperature of the
upper troposphere (420°R) and to have an albedo®” of 0.43.

As far as the orbital motion is concerned, it is the maximum and minimwm temper-
atures occurring during a period that are of main interest, partly because of their
general effect on the satellite body and partly because of possible use of large
differences in temperature to operate a heat engine. Therefore, in order to make
the differences as large as possible, it will be assumed that the earth side of the
body is painted white to make the temperature of this side as low as possible, while
the space side will be assumed to have a surface of polished steel to give a temper-
ature as high as possible. The temperature calculations are made separately for the
two opposite sides of the rocket by treating these as flat plate surfaces parallel
to the instantaneous horizontal and thermally insulated on the sides which face each
other (the inside of the rocket).

1. The Temperature of the Earth Side of the Satellite
The appropriate heat transfer equation for the earth side of the satellite is

c g = ou f,T,* - oeT,* + 0.43 a,f,0,c0s23.5%sin %’-,l’t, (72)

od
S
where

C = specific heat of skin = 0.12 Btu/1b°R

.

density of stainless steel skin per unit surface area = 1.35 1b/fe?

B/S

L]

L]

absorption coefficient for radiation received from the earth = 0.95, surface
painted white

oy

. Bagédsgn 1.94 gram cal/cmaminute as the value for the solar constant, see p. g} of
rei. B

53




SECRET ’ February 1, 1947

a, = absorption coefficient for solar radiation received by reflection from the
earth = 0.14, surface painted white '

€ = emissivity = 0.95, surface painted white
T, = temperature of outer troposphere = 420°R
f, = a geometrical radiation factor = '(.RE/rorb}3
Rg = radius of the earth at the equator = 3963.34 miles
r = distance of the orbit from ceénter of the earth = Ry + A = 4313.34 miles
h_ = height of orbit above sea level = 350 miles
P = orbital period = 27/w, = 95.844 minutes/revolution

w_ = angular velocity in the orbit referred to a system. of reference not rotating
with the earth = 1.0926 X 10 °radians/sec.

In the calculations the initial condition assumed is that the satellite enters the
earth’s shadow at the time t = 0,

2, The Temperature of the Space Side of the Satellite
The heat transfer equation for the space side of the satellite is

c2dl . | oeT, + a Q,cos 23.5%in (73)

S dt

Y

Assuming the surface to be of polished steel, the values € = 0.07 and a = 0.45 are
used.

The time variation ef the skin temperatures of the two sides, the earth side
painted white and the space side of polished steel, is shown in Fig. 25.

Although preliminary calculations of the temperature of a satellite rocket were
made in the initial satellite study®®, the assumptions were more simplified than those
used here inasmuch as there was no consideration of the time variation as contained
in the right hand side of Egqs. (72) and (73). Moreover, the calculations were based
upon heat transfer to the entire mass of the rocket, rather than to the skin alone,
and therefore yielded temperatures less extreme than those obtained here.

It is seen from Fig. 25 that the temperature difference between the two sides
of the satellite is of the order of 300-400°F, and that a maximum temperature of
960°R will occur on the space side, and a minimum temperature of 400°R will occur
on the earth side. There appears to be no special objection to these temperature
limits. The figure also includes the temperature which results when both sides are
painted with lampblack, in which case the values a, = a, = € = 0.95 are used. It is
seen that this results in a general overall decrease in the temperatures and further-
more that in this case it is the space side of the satellite which has the lower

minimum (and alsoc the higher maximum) temperature.
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APPENDIX

AERODYNAMIC FORCES ON A CONE AT VERY HIGH MACH NUMBERS

At very high Mach numbers the flow is of the Newtonian type®’ ®' ?°; that is,

the air strikes the body and loses its normal component 6f momentum, proceeding along
the surface of the body with only its tangential component. Consider a body of rev-
olution with the positive x-axis as the longitudinal axis of symmetry, Fig. 26. The
individual surface element at a radial distance r from the longitudinal axis is in-
clined at an angle ¢ to this axis. The air stream is inclined at an angle a (angle

of attack) to the x-axis.

SCHEMATIC DIAGRAM OF BODY OF REVOLUTION
INGLINED AT AN ANGLE TO THE FLOW

FIG. 26

The direction cosines of the normal to a surface element do are sin ¢, - sin 8
cos @, and - cos B cos ¢. The angle 7) between the velocity vector 7 and the normal

to the surface element is given by

cos 7 = cos a sin @ - sin a cos B cos ¢ . (74)
The normal component of the velocity is v, = v cos 7. The pressure produced at the
surface element do by the momentum loss is given by

€

dA
p= % = f;%”-*-* icosn (75)

where df is the force normal to the surface element do, and dA is the projection of
the surface element normal to the stream velocity. Using g = 1/2 pv® we obtain
£ = 2 cos® 7. (76)

q
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The z-component of the force on the element & is .

df ,= - pcos Bcos¢do= - pr cos S d fdx, (17)

while the x-component is given by

df = p sin¢ do = pr tan ¢d S dx . (78)

The normal and axial forces on the body of revolution per unit length are de-
termined by

N fdf = -2r [ peosBdp (79)
dx I
for the normal force, and
Ko [df =2 cand ] pdf (80) :
dx ] .
for the axial force. ]

Using the non-dimensional representation, we may write

dC
C’ - N = 1 dN =-i_r_ .B. d = 2:_ - 2 . ga' (81)
N d(x/d) mgR? dixjd) mR©° q cos Bd S g oin ¢ sin

where B = d/2 is the maximum radius of the body.
Similarly, for the axial force we have

Gy X .41
X dx/d) TE

For a conical portion of the body where ¢ = const. and r = xtangp, we obtain

cand fﬁ df= 4L vamp [25in®h + sin’a (1 - 3sin’®)]. (82)
g

Cy = cos’® sin 2a , (83)
and
Cy = 2 sin®p + sin’a (1 - 3 sin®) (84)

for the normal and axial force coefficients.
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